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1 introduction 



The study of infinite dimensional manifolds has received much interest due to 
its interaction with bundle structures, fibrations and foliations, jet fields, con- 
nections, sprays, Lagrangians and Finslcr structures ( [I] , [H] , [7] , [5], [TU], [H] 
and [3D]). In particular, non-Banach locally convex modelled manifolds have 
been studied from different points of view (see for example [5], [1], [TT], [T^ . 
[in] and [U]). Frechet spaces of sections arise naturally as configurations of a 
physical field and the moduli space of inequivalent configurations of a physical 
field is the quotient of the infinite-dimensional configuration space X by the ap- 
propriate symmetry gauge group. Typically, X is modelled on a Frechet space 
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of smooth sections of a vector bundle over a closed manifold. For example, see 
Omori [53 Hg. 

The second order structures introduced by Ambrose et al. |6j for finite di- 
mensional manifolds were extended by Kumar and Viswanath [23] for Banach 
modelled manifolds. They proved that Hessian structures, sprays, dissections 
and (linear) connections are in a one-to-one correspondence. However, there 
these concepts have to be supported by a Christoffel bundle and vector fields. In 
this paper, following the lines of [33], we first construct the concepts of Christof- 
fel bundle and fields for a class of projective limit Frechet manifolds. Then, we 
identify it with the other structures, i.e. connections, Hessian structures and 
sprays. 

One of the main problems in the study of non-Banach modelled manifolds 
M is the pathological structure of the general linear group GL{¥) of a non- 
Banach space F. GL{¥) serves as the structure group of the tangent bundle TM, 
similar to finite dimensional and Banach cases, but it is not even a reasonable 
topological group structure within the Frechet framework (see [H], [IB]). 
Moreover, for a Frechet space F, L{¥), the space of linear maps on F, is not in 
general a Frechet space. The same problem holds for the space of bilinear maps 
L2(F,F) = {B;B :¥ x¥ — > F, B is linear}. 

If one follows the classical procedure to define the notion of Christoffel bundle 
or Hessian structures, then L^{¥, F) will appear as the corresponding fibre type. 
As stated in Section |2l these problems are overcome by replacing L^(F, F) with 
an appropriate Frechet space. Another serious drawback in the study of Frechet 
manifolds and bundles is the fact that there is no general solvability theory for 
differential equations ([H])- This problem also can be overcome if we restrict 
ourselves to the category of those Frechet manifolds which can be considered as 
projective limits of Banach corresponding factors. To eliminate these difficulties, 
we endow TM with a generalized vector bundle structure. (Note that Galanis in 
[16j proved a similar result but with a different definition for tangent bundle) . In 
the sequel we construct the Christoffel bundles, connections, Hessian structures, 
sprays and dissections. It is shown in this way that all the results stated in [S] 
and |23j hold in the category of projective limit manifolds. 

Our approach here gives the opportunity to study the problems related to 
ordinary differential equations that arise via geometric objects on manifolds. 
For example, geodesies with respect to connections and sprays, and parallel 
transport are discussed. Finally, the associated structures for flat and direct 
connections are introduced. 

2 Christoffel bundle 

Most of our calculus is based on [5] and [21]. Let E be a real Banach space, M 
a Hausdorff paracompact smooth manifold and m a point of M. The tangent 
bundle of M is defined as follows: TM = IJmGM "^mM, where T^M is consid- 
ered as the set of equivalence classes of all triples {U,(p,e), where {U,ip) is a 
chart of M around m and e is an element of the model space E in which ipU 
lies. TM is a vector bundle on M with structure group GL{¥) (^[24j). 

We summarise our basic notations about a certain rather wide class of 
Frechet manifolds, namely those which can be considered as projective lim- 
its of Banach manifolds. Let {{Mi, V'iOlijeN be a projective system of Banach 



M. Aghasi, A.R. Bahari, C.T.J. Dodson, G.N. Galanis and A. Suri 



3 



manifolds with M = limMi such that for every i G N, Mi is modeUed on the 
Banach space and {Ei,pji}igN forms a projective system of Banach spaces. 
Furthermore suppose that for each m = ("^)jgpj £ M there exists a projective 
system of local charts {(J7i, (/5i)}iGN such that nii e Ui and U ~ limUi is open 
in M (see [4]). 

It is known that for a Frechet space F, the general linear group GL{¥) 
cannot be endowed with a smooth Lie group structure. It does not even admit 
a reasonable topological group structure. The problems concerning the structure 
group of TM can be overcome by the replacement of GL{¥) with the following 
topological group (and in a generalized sense it is also a smooth Lie group): 

Ho(F) = {(/,),eN (^YlGL{E,) : lim/, exists}. 

ieti 

More precisely 'Ho{¥) is isomorphic to the projective limit of the Banach Lie 
groups 

i 

Ho\¥) - {(/i, /2, /.) e n Gi(Efe) : p,k o fj = fk o p^k, {k < j < i)}. 

k=l 

Under these notations the following basic theorems hold (compare with 16J). 

Theorem 2.1. If {Mi}i^ti is a projective system of manifolds then {TMijigN 
is also a projective system with limit (set-theoretically) isomorphic to TM = 
lim TM,. 

Theorem 2.2. TM = limTMj has a Frechet vector bundle structure on M = 
lim Mj with structure group 7io(F). 

Let L(E,E) be the space of continuous linear maps from a Banach space E 
to E and let i^(E, E) be the space of all continuous bilinear maps from E x E 
to E. For m G M and every chart ([/, ip) at m, consider the triples of the form 
[U, ip, B) where B e L'^{E, E). 

Definition 2.3. Two triples {U,p,Bi) and {V,ip,B2) are called equivalent at 
m if 

B2{DF{u).ei,DF{u).e2) = DF{u).Bi{ei, 62) + D^F{u){ei,e2), (1) 
where u = (pm, F — o ip~^ and ei, 62 G E. 

It can be checked that this is an equivalence relation. Each equivalence class 
is called a Christoffel element at m and a typical element is denoted by 7. Let 
{U, ip) be a fixed chart at m. Define the mapping 

: Cm '-^ L^E,E) 
7 I — > {(pm, B) 

where Cm is the set of all Christoffel elements at m and {U, ip, B) £ 7. Then 
is a bijection, which endows CM = UmGM ^™ with a C°°-atlas. (For more 

details see |23)). 

From [53] we have the result: 
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Theorem 2.4. The family {{CU,Cip): {U,ip) is a chart on M} is a C°°-atlas 
for CM. 

Wc emphasise again at this point that for a Freehet space F, L^(F,F) does 
not need to be a Frechet space in general. Hence, the classical procedure for 
CM for a non-Banach Frechet manifold M, does not yield a Frechet manifold 
(nor bundle) structure. To overcome this obstacle we use the Frechet space: 

W2(F,F) := {(Bi)ieN £ n^'(^''^') ' i^^^' exists}. 
W^(F, F) is isomorphic to the projective limit of Banach spaces 

i 

H2(F,F) := {{Bi, ...,Bi) e [] L2(Efc,Efc) : o {pjk x Pjk) = Pjk o Bj, {k < j < 

fe=i 

Let {MijigN be a projective system of Banach manifolds as introduced ear- 
lier, B, B G n'^(¥,¥) and {U = limUi,ip = lim<^i), {V = limyi,V = hmV'i) 
two corresponding charts. 

Definition 2.5. Two triples [U,(p,B] and [V,ip,B] are equivalent if, for every 

i GN, [Ui, ipi, Bi] and \Vi, V'i, Bi] arc equivalent. 

By these means one can show that CM is endowed with a Frechet manifold 
structure modelled on F x U"^ {¥,¥). 

Proposition 2.6. If {Mi}i^^ is a projective system of manifolds and limCMi 
exists then limCMj = C(limMj) (set-theoretically). 

Proof. If we consider 

Q:C{limMi) — > lim(CMi) 

[U^ip,B] ^ ([f/,,<pi,B,].).^^ 

then Q is well defined. Q is one to one since Q{[U, f, B]) = Q{[U, (p, B]) yields; 

[Ui, ip^,Bi]i = [U„ if,, B,], , i G N. 

Consequently \U,(p,B] ~ [lim Uj, lim fj, lim Bi\ = ]im\Ui, fj, Bi]i — lim[[/i, ipj, Bi]i 
= \limUi,lmiipi,lmi Bj] — [U,(p,B]. Then Q is also surjective since for every 
{[Ui,ipi,B^i(zf.i in lim(CMi), Q{a) = {[Ui,ipi,Bi\i)i^f^ 
where a = \lmi Uj, ^im ifj , lim Bj] . 

Therefore, Q is a bijection between CM and lim(CM,). □ 

The functions 

€a:7r-i(C/„) C/„xL2(E,E) 
7 I — > (to, B); a e I 

with 7 e Cm, {Ua,fa,B) G 7, define a family of trivializations under which 
{CM,M,n) becomes a fibre bundle (tt is the natural projection). 

In the next theorem the concept of (CM, M, tt) is generalized to a Frechet 
manifold M = limMj. 
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Theorem 2.7. If CM = lim CMj exists, then it admits a Frechet fibre bundle 
structure on M = lim Mi with fibre type Tip' (F, F) . 

Proof. Let A = {{Ua = lim J7a*, V'a — InniySc*)} be an atlas for M = lim Mj . 
Then, for every i G N, {CAIi, Mi,TTi) is a fibre bundle with fibres of type 
L^(Ei,Ei) and trivializations the mappings: 

7i ' — > {nii,Bi) 

Suppose that {cji}i jgN, {'^ji\i.jen and {pji}i,j&i are the connecting morphisms 
of the projective systems CM — limC'Mi, M = limMi and F = limEi respec- 
tively. Since 'PjiiTj = TTiCji, {TTijigN is a projective system of maps. For every 
a ^ I, {^a'jisN is a projective system and tt = lim tt^ : CM — > M serves as the 
projection map. On the other hand, := lim^a' : 7T^^{Ua) — > Ua x 7i^(F,F) 
is a diffeomorphism since it is a projective limit of diffcomorphisms. □ 

For an open subset U in E, define a Christoffel map F on [/ to be a smooth 
mapping F : U — > L^(E,E) and for every chart {U, yj) of M a Christoffel map 
is locally a smooth mapping : ipU — > i^(E, E). 

Definition 2.8. M is endowed with a Christoffel structure {F;^} if for every 
choice of charts {U, (p) and (V, -0) with U DV 0, the following relation holds 
true: 

r^{v){DF{u).ei,DF{u).e2) = DF{u).r^{u){ei, 62) + D^F{u). {61,62) 

where ei, 62 G E, (pm = u, ipm = v and F = ijj o ip~^ . 

For v,w TraM we can express this condition as follows: 

T^{v){v^,w^) = DF{u).T^p{u){v^p,w^) + D"^ F{u).{v^,w^) 

where (pm — u, ^ DF{u).Vip, = DF{u).Wip, v — [U,ip,Vtp] and w ~ 
[U,'p,Wip] (see also [23j). 

In a similar manner one can define the Christoffel map for the non-Banach 
case as follows: Let U — limf/i be an open subset of F = limEi. A Christoffel 
map on U = lim Uj, is a projective limit smooth mapping F = lim F^ : U — > 
H^(F,F). Note that for each chart {U = lunUi,tp = \unip,) of M, HmF^, := 
F;^ : ipU — > 7i^(F,F) defines a Christoffel map on U. Now we can state the 
following definition for Frechet manifolds. 

Definition 2.9. M — limMi is endowed with a Christoffel structure {F;^ = 
limFip. }, if for every pair of charts {U — lim Ui,ip — lim ipi) and {V = lim Vi,ilj = 
lim ipi) around m = (TOj)jeN the following relation is satisfied: 

T^{v){DF{u).ei,DF{u).e2) = DF{u).r^{u){ei,e2) + D^F{u). {61,62), 

where ei = (ei)ieN,e2 = {6l)ieN e F, limptmi = limui = u, limi/'i'^i = 
lim Vj = V and F — lim Fj — l^m tpj o ipi^^. For v,w € T^M = lim Mj this 
condition takes the form 

T^{v){v^,w^^) = DF{u).T^{u){v^,w^) + D'^F{u).{v^,w^) 

where \imipimi — \imui — u, v.^ — \\mDFi{ui).Vip^, — lim D Fi{ui) .w^- , 
V = {[U^,pi,v^^]i)ifzf!i and w = {[Ui, (pi,w^^]i)ifzt!i. 
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3 Connections and Hessian structures 

A connection on M by Koszul's definition (see [15] ) is a smooth mapping 

y:xiM)xx{M) ^ x{M) 
{X,Y) ^ VxY 

such that on every local chart (U, (p) on M, there exists a smooth map : 
(fiU — > L2(E,E) with 

{VxY){tpm) = DY^{ipm).X^{ipm) - T^{ipm){X^{(pm),Y^{tpm)); Vm e U. 

We prove in the sequel that if V is a connection on M, then {Tip} forms a 
Christoffel structure on M. Conversely if {Tip} is a Christoffel structure on M 
and X,Y ^ x{U), then a connection V can be defined by 

{VxY){m) ^ Tif^^[DY^{ipm).X:p{tpm) - T^{ipm){X^{ipm),Y^{tpm))] 

(see 123]). 

Before proceeding to results, it is necessary to prove the following. 

Theorem 3.1. The limit V = lim V., of a projective system of connections 
{VijigN is a connection on M = lim Mj . 

Proof. For i < j, let {Uj,ipj) be a chart of Mj around mj and {Ui,ipi) be a 
chart of Mi at ipjimj = nii. Moreover for every i G N, let X^. : ipiUi — > E^ 
be the local principal part of Xi G xi^i)- Since V is a smooth mapping as a 
projective limit of smooth factors, to prove the theorem it suffices to check that 
Pji o Vx^^ Y^^ = Vx^^ Y^^ o pji. 
The last equality holds since for mj G Uj] 

Pyi°^ x^y^.'y'fjmj) 
= Pj,^DY^^ {ipjmj).Xp^ ifjmj) - pj.Tp^ {tpjmj){X^^ {ipjmj),Y^^ i^jruj)) 

= Vx^T^AVimi) = "^x^T^^Pjiifjmj) 
Note that 

d 

= ^Y^^pj,{ipjmj + tXp^ {ipjmj)))\t=Q 
d 

= —Y^^(Lpim, + tXp^((p^m^))\t=o 
= DY^.{ipim^).Xp.{(p^mi) 



and 



Tp^{(p^mi){pji X pji){X^.{(pjmj),Yp^{(pjmj)) 
Tp^ {ipimi){Xp. {(fimi), Yp^ {(fim^)) 



□ 
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Based on Theorem 13.11 we may now establish several hnportant properties. 

Theorem 3.2. If \I = lim is a connection on AI — lim Afj, then {Tip — 
\im Ftp . I forms a Christoffel structure on M. 

Proof. Let (?7— lim Uj, y)— lim ipi), (V^=lim Vj^ ?/j=lim ■0^) be two charts through 
m = {mi)i^fi e M and lim (pimj ~ limui = u, F — lim j^j — \\m{tpi o tfi~^). 
Furthermore, suppose that X^p = lim X^p. , then 

[DY^.X^]{F{u)) = [I?lmy^^.lmX^J(lmF,(lmuO) 
= \im[DY^^{F,{ui)).X^^{F,{u^))] = lim[W^, (F,(u,)).Z?F,(m,)-^v. K)] 
= \im[D{Y^^ o F,){u,).X^^{u,)] ^ \^m[D{DF,.Y^^{ui).XpXu^)\ 
= \im[D^F,{u,){X^^,Y^^) + DF,{u,).DY^^{u,).X^^{u,)]. 

But 

(VxF)^ o F = lim[(Vx.i;)^. o F,] = lun[{DY^^.X^,) o F, - T^^{X^^,Y^J] 
= lmi[D^F, {X^^ , r^, ) + DF, . (DY^^ .X^ J - F^, (X^. , J] , 

hence 

r4X^,Y^) = lim[F^,(X^,,rv.J] = lim[D^F,{Xp^,Y^J + 
DF,.{DYp^.X^^) ~ DF,.{y xji)^,] = D''F{X^,Y^) + DF.T^{X^,Y^). 
i.e. {F^ — limF^;} forms a Christoffel structure on M — limMi. □ 
RemEirk 3.3. The converse also of Theorem 13.21 can be obtained by setting 

{Vxy){m) = \im\T^pl^[DY^^{(p^rni).X^^(^pirni) - 
T^XipirrH){X^.{Vi'mt),Y^,{^imi))]], 

where {V^p = limF;^;} is a Christoffel structure on M. Moreover for / = lim/i G 
C°°(M) and X,Y e x(M), V satisfies the following conditions: 
(j)V is real linear in X and Y, 
{ii)VfxY = fVxY, 
{iii)Vx{fY) = fSJxY +{Xf)Y. 

In anticipation of the sequel, a Hessian structure on M is a mapping H : 
f I — > Hf, which associates to every / G C°°{M) a covariant 2-tensor Hf on 
M such that on a local chart {U,(p) of M and for every X,Y € xi^)^ there 
exists a smooth map F^ : (pU — > L^(E,E) with 

[Hf{X,Y)]^iipm) = f^{^m){X^{^m),Y^{^m)) + 
Df^{ipm).r^{tpm){X^{ipm),Y^{ipm)). 

It turns out that Hf is a Hessian structure on M if and only if M admits 
the Christoffel structure {F;^}. Moreover, there is a one-to-one correspondence 
between Hessian structures and connections given by Hf{X,Y) = X{Y{f)) — 
(\'xY)f. (For more details see pS]). 

Here we study the above results for projective limit manifolds. However, 
we should consider just the smooth functions and smooth vector fields such 
that !F{M) — {(/i)ieN : /i : Mi — > K is continuous and lim/i exists} and 
Q{M) = {(Xi)igN : Xi'is & vector field on Mi and limX^ exists} respectively. 
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Proposition 3.4. The limit of a projective system of Hessian structures on 
{Mi}i(zfi is a Hessian structure on M = lim Mj . 

Proof. For every i £ N, let /; G C°°(Mi) and Xi^Y^ e x(Mi). Consider a chart 
(Ui,ipi) on Mi. Assume that T^. : (piUi — > L^(Ej,Ej) is a smooth map such 
that 

[Hifi{Xi,Yi)]^^{ipimi) D'^fi^.{ipimi){X^.{ipimi),Y^.{ipimi)) + 

Hence we must check that for j > i, [Hjfj{Xj,Yj)]^. ^ [HifiiXi, Y^)]^^ op^i. 
For nij e Uj\ 

Dfj^^ {^jmj).T^^ {ipjmj){X^^ {ipjmj),Y^^ (ipjm^)) . 



= [Hifi{Xi,Yi)]^.{ipimi) = [Hifi{Xi,Yi)]^.pji{ipjmj). 

Note that; 

Dfj^^i^jmj){X^^{ipjmj)) = D{f,^^ o pj,){ipjmj){X^^{ipjmj)) 
= ^(/'v. ° P3i)iV3mj + tX^^ ((^jmj))|t=0 
= -^fi^S^i^i +tX^^pj,{(fjmj))\t=o 

= ■^fi^.{(pimi +tX^^{(pimi))\t=o = Df^^^{(pimi){X^^{ipimi)), 
and consequently 

* = D^ifj ° 'Pr^)i^jmj)iX^^ ifjmj), Y^^ (ifjmj)) 
= D{D{fi^^ o pji){tpjmj){X^^{ifjmj)))[Y^^{ipjmj)] 
= D[Dfi^^ {(pim^){X^^ {(pim^){[Y^^ {(fiirrii)] 
= D'^fi^^ {(pimi){X^. {(firm), Y^^ {ipirm)). 

Moreover 

= D{fi^^ o pj,){ipjmj).T^^{ipjmj){X^^{ipjmj),Y^^{ipjmj)) 
= 4:if^v^ ° P3i)if3^j + i'^Vo {'Pm)^Yv, {^]mj))\t=0 



dt'-"^ 
d 

dt 

Dfi^^ {(p^mi).T^^ {(piimi){X^^ iipi{mi), Y^^ {ipirrii)) 



-J^fi.pAV^'^-^ + *^V.iVi'rn^)iP3i ^ Pn)iXvjiV3'l^3)^Y^ji'P3'>^3))\t=0 



Hence Iim[i7,/,(X„ y,)]^^ = [Hf{X,Y)]^ where / G .F(M), ip = lim^, and 

x,Yeg{M). □ 



Next, Theorem 13 . 51 proves that there is a one-to-one correspondence between 
Hessian structures and connections on Frechet manifolds. 
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Theorem 3.5. LetV = liniVi be a connection on M = '^m Mi, and H f{X,Y) :— 
^O^if)) ~ xY)f ■ Then H is a Hessian structure on M . Conversely the con- 
nection which obtained as projective limit of connections arises from a Hessian 
structure. 

Proof. Let w,w G T^M — Van Mj and {U —Van Ui,ip=Vm\ Lpi be a chart 
around m = (mJigN. Consider vector fields lim , lim e ''^itli 
\\m Xi{mi) = V and \m\Yi{mi) = w. Suppose V = limVi be a connection on 
M = limMi, then {T^p = limri^;} is a ChristofFel structure on M. Hence 

X{Y{f)){m) ~ {VxY).f{m) = X^{Y^{f^)){ipm) - {V xY)^{f^){^m) 
= \vm[X^^{Y^^{f^^)){ipimi) - (Vx,>^i)i^i (/i^. 

= \\m[D{D fi^,.Y^^){(pimi).X^^{ipirni) - Dfi^, {'Pimi).{V XiYi)^^{ipimi)] 
= lim[D'^ fi^^{(pimi){X^^{ipimi), {Y^^{(pimi) 

+ Dfi^_ {(pimi).DY^. (ipimi).X^^ {(pirui) - Df^^^ {(pimi)[DY^. {(pim^).X^. {(piTm) 

- T^.{(pimi){X^^{ipimi), {Y^.{ipimi)]] 

= lim[D'^fi^^{(pirni){X^^{(pirni),Y^^{(pirni)) + 
Dfi^.iipimi).T^.{(pimi){X^.(ipimi),Y^.{(pimi))] 
= lim[[i^,/,(X„y,)]v,(V'^™^)] = [HfiX,Y)]^iipm). 

Conversely if Hf — VmHifi is a Hessian structure on AI = VmMi then 
{r^ — lanT^p^} forms a Christoffel structure on M. Now we have 

X{Y{f)){m) - Hf{X, Y){m) = X^{Y^{f^)){^m) - [Hf{X, Y)U^m) 
= lan[X^^{Y^^{f^.)){ipimi) - [H^fi{Xi,Yi)]^^{(fimi)] 

= lan[D'^ f^^^{ipimt){X^.{(pimi), {Y^.{(pimi)+Df^^.{(pim^).DY^^{ipimi).X^^{(pimi) 
-D'^fi^. {ifimi){X^^ i^imi), Y^. {(fiimi)) 

- Dfi^^ {ipimi).T^^ {ipimi){X^. {(fiimi), Y^^ {(fi^mi))] 

= lmi[Df^^,{(fi^rn^).{Vx,Yi)^^{ifiirn^)] = lim[(Vx.i^i)vi (/v- )('^»"^»)] 

= iVxY)M{fim) ' □ 



4 Sprays 

Definition 4.1. A spray C is a second order vector field on M such that on a 
local chart {U, (fi) it is determined by a smooth mapping : (fiU — > (E, E) 
in the following way: 

[C{v)]^{ipm,v^) = {v^,r^{(pm){v^,v^)); m £ U, v £ T^M 

(see [23]). Note that this definition coincides with the one given in [24] , 

Theorem 4.2. The limit of a projective system of sprays on Mi is a spray on 
M = lim Mi . 

Proof. For every i £ N, let Ci be a second order vector field on Mi. Moreover 
suppose that (lim Uj, lim ipi) is a chart of M — lim Mi . Then on the chart 
{Ui,(fii) on Mi, C,i is determined by the map T^p. : (fiiUi — > L^(Ei,Ei) with the 
property 

[Ci{vi)]^^{(fiimi,v^.) = {v^^,T^^{ifiim^){v^^,v^J); G Ui, G T^M^. 
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To prove the result, it suffices to check that for j > i, 

Indeed for every rrij G Uj and Vj = \Uj,Lpj,v^p-] G Tm^Mj one obtains; 

As mentioned in [23 if Q is a spray on Mi, for every pair of charts {Ui,ifi) and 
(Vi, V'j) of Mi at mi, the transformation formula for T^p^ is 

where Fi — ip o ip^^ and 1;.^ = \Ui, Lpi, v^.] G TrmMi. Suppose that = lirnCi be 
a spray on Af = lim Mj . Then for charts ([/=^im Uj, y)= lim ipi) and (T^= lim 1/^, 
7/^=lini V'i) at TO = (TO)igN e ill and v — \U, ip, v^p] G TmM: 

T^{ipm){u^,v.^) = lim F^,. {ipimi)(v^^ , z;^, ) 

= lim[£)^i^i(v3iTOi)(wip^,w^J + DFi((y9iTOi)Tip,((y9iTOi)(ii^^, w^J] 
= D^F{tpm){v^,v^) + DF{ipm).r^{ipm){v^,v^) 

It means that the spray C = lim Q defines the Christffcl structure {T^ = lim T^p. } 
on M = lim Mi. ' ' □ 

5 Dissections 

The concept of dissection is considered next. Kumar and Viswanath [23l es- 
tablished a one-to-one correspondence between dissections of M and Christoffel 
structures on M for a Banach manifold M. We extend this correspondence to 
projective limit manifolds. 

For TO G M, let Gm {/ G C°°{Urn) ■ Um is a neighbourhood of to} 
and Gj^ := {/ G Gm : f{m) — 0}. Define the space of 1-jets at to, denoted 
by JmM, to be the set of all equivalence classes in G^, where two functions 
f,gG G'^ are equivalent if on every chart {U,ip) of M, the following relation 
holds true: Df^{ipm) = Dgip{ipm). In a similar way for every chart {U,ip) 
of M, one may define J^M := {[/] G JmM ■ D^f^{ipm) = D^g^{(pm),\fg G 
[/]}. If s G JmM, then the local representation of s on the chart {U,(p) is 
Sip — a^p ® B^p G E* © L^(E,R) with transformation rule — ap o DG{v) and 
B^=BipO {DG{v) X i:'G(u)) + a^o DG{v) o i:)2F(u) o {DG{v) x i:'G(w)), where 

is the local representation of a G T^M, G = kp o u = (pm and v = ipm 
(for more details see [25]). 

Definition 5.1. A dissection on M is a map that to every m £ M assigns a 
closed subgroup of JmM say Dm- This is done in such a way that for every 
chart {U, p) there exists a smooth mapping : ipU — > (E, E) such that 
Bp — a^p o F;p(7i) for s G Dm and = © -Bi^. In other words [Dm]tp — 
{a®aoT^{u) : a G E*} ([23]). 
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We extend Kumar and Viswanath's results to projective limit Frechet man- 
ifolds. 

Proposition 5.2. If {Mi}i^m is a projective system of manifolds and lim . Mj 
exists then lim . Mj — Jf^_^ ^ lim Mj (set-theoretically). 

Proof. Let Gm ■= {{fi)ieN', fi ■ Urm — > R is continuous and lim/^ exists} and 
:= {{f^)^&i e Gra ■ fri^i) = 0, V^ G N}. By defining ^ 

p:J^M — y lim 

[f,m] I — > ([/i,mi]i)igM 

It can be checked that p is well defined; moreover, p is one to one since p[f, m] = 
p[g, m] yields 

= [gi,mi]i, i e N. 

Hence [/, m] = [lim/i, (mi)igN]i = lim[/i, mi]i = lim[5i, m.,]i = [limg^, {mi)i^m] = 
[g,m]. 

Furthermore p is surjective. In fact if ([/i, mi]i)igN is an arbitrary element 
of lim J^.Mi, we define a = [lim/i, (mi)igN]- Then p{a) = ([/», TOi]j)ieN and 
therefore p is an isomorphism between J^M and lim J^^^.Mi. □ 

Theorem 5.3. The limit of a projective system of dissections of {MijigN is a 
dissection of lim Mi = Mi . 

Proof. For every i e N, suppose is the closed subgroup of J^.Mi with the 
above mentioned properties. Moreover for j > i, 

B^^ = a^^ o {u.j) = (a<p, o pji) o [uj) = a^^ o (r^.(ui) o [pj, x p^i)) 

Therefore limZ?,„. exists and it is a dissection on M = limAfi. □ 

If lim Dm- is a dissection of lim Mi — M and {U=\Ym.Ui, <p=lim<pi), (V=lim V^, 
■0=lim?/'i) are two charts at m = (mi)igN S M, then 

r^(i;) = limr^.(i;.) = lim[i?2F,(u,) o (DG,(f,) x DG^{vi)) 
+DF,{u,)oT.^^{ui) o (i?G,(i;0 x DG,{v,))] 
= D^F{u) o (i:iG(i;) X DG{v)) + DF{u) o T^{u) o {DG{v) x i:'G(i; )), 

which precisely coincides with the Christoffel structures {F^ = limF^;}. (For 
more details see [231 ■) Hence we get the following result. 

Corollary 5.4. There is one-to-one correspondence between dissections and 
Christoffel structures on M = lim Mi . 
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6 Examples 

Example 6.1. The direct connection 

Let G be a Banach Lie group with the model space E. Consider the mapping 
fi : G X d — > TG given by fi{m, v) = TeXm{v), where Am is the left translation 
on G and 3 is the Lie algebra of G. According to Vassiliou jSIj, there exists 
a unique connection V*^ on G which is (/i, idfj)— related to the canonical flat 
connection on the trivial bundle L ~ {G x d,pri,G). Locally the Christoffel 
symbols F*^ of V*^ are given by 

T^ix){a,b)=DU{x)iaJ-Hm)ib)); xG^U, a,beE 

where is the local expression of the isomorphism T^Xx '■ T^G — > T^G and 
([/, if) chart of G. If G = limGi is obtained as a projective limit of Banach Lie 
groups and V*^' is the direct connection on U = (G; x 9i,pri, Gi), then V*^ = 
lim V*^' is exactly the direct connection on i = (lim Gi x lim , pri , lim Gi ) [3T] . 
Also, V*^ determines a unique spray on G = lim Gi locally given by 

[C'^(«)]<p(</'™,i'v) = (■'^<p:r^((/?rn)('i;^,u^)); m e U, v e T,nG. 

Moreover, using V'-^ the Christoffel structure {T^} and Hessian structure 
are obtained where H'^ is locally given by 

Df^ (ipm) .F^ {(pm) {X^ {(pm) , {(pm) ) . 
Example 6.2. The fiat connection 

Let M = E with the global chart (E, id^)- The canonical flat connection V-^ on 
the trivial bundle (M x E, pri , M) is locally given by the Christoffel structure 
{F'^}, where T^{x){u) = 0, for every e E x E. Let M = ¥ = limEj 

and consider it with the global chart {¥,idr) = lim(Ei, ic/e. ). For the canonical 
flat connection F'-^ = limFp on {M x ¥,pri, M), the spray and the Ilessian 
structure H'~^ are given by 

and 

7 Ordinary differential equations 

A curve 7 : (— — > M is called autoparallel or a geodesic with respect to 
the connection V if Vr-yTj = ([S^)- Let {U,(p) be a local chart on M and 
set 7^ o 7 : (-e, e) E, j'^(t) := Tj^ : (-e, e) TE. 
In this case the local expression of VxfT'y — takes the form: 

Vt^,T7^(7^(<) = Dj'^it).j'^it)-TMt))Kit)^l'.pit)] = 0- 

Every spray is a second order vector field, hence every integral curve of C is 
the canonical lifting of tt o so T(7r o (3) — (3. The curve 7 : (— — > M 
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is a geodesic spray with respect to C if T7 is an integral curve for namely, 
"^Tt-yivtY^tliyt) — CTtliyt), where vt £ TiR with pr2{vt) = 1. In local charts we 
have; 

and 

So 7 must satisfy the (local) equation 

Consequently the following theorem holds for Banach modelled manifolds. 

Theorem 7.1. Let C, he the spray assigned to V. There is a one-to-one corre- 
spondence between geodesies of \7 and geodesic sprays ofC- 

Here we try to generalize this to the case of Frechet manifolds where diffi- 
culties arise due to intrinsic problems of the model spaces of these manifolds 
and mainly due to the inability to solve general differential equations (see |3j, 
[T7] and [17]). We show that if one focuses on the category of projective limit 
manifolds, then similar results can be obtained. 

Theorem 7.2. Let M ~ lim Mi and ^ = lim Q be a .spray on M with k-Lipschitz 

local components. Let xq G M and yo £ Tx„M . If for a chart (U, ip) around xq, 

1/2 

= sup{(pi{xo)^ -\- pi(rtp{xo)[yo,yo])'^) « £ N} < 00, then there exists a 
locally unique geodesic spray 7 : (— £, e) — > M such that 7(0) ~ xq, Tf j{0) = j/o 
and e > is independent of the index i. 

Proof. Let ( : TM — > TTM be a spray. Consider {Ci}ieN, 2:0 = {xoi)im G 
limMi and yo = (yoi)ieN G ^^TxoiMi. For every i £ N, Ci is a spray on Mi. 
Since Mi is a Banach manifold, by the existence theorem for ordinary differential 
equations, there exists 7^ : (— £i,£i) — > Mi with 

7/;W = r^.(7^.W)[74,W>74,W]' (2) 

satisfying 7^(0) = xq^ and Tt-^. (0) — yoi. For j > i, we claim that ipji o 7^ = ji 
and consequently {7i}igN forms a projective system of curves on {AfijigN with 
the limit 7 = lim 7^ . Note that 

Moreover i(pjiOjj){0) = ipji{xoj) = xq^ SLndTt{ipjtOjj){0) = y^-. By uniqueness 
of solutions for ordinary differential equations on Banach spaces (manifolds) we 
have Lpji o 7j — 7,; and consequently 7 — lim7i exists. Furthermore 

TTt^{vt)Ttl{vt) = {rT,^.(t„)Tt7,(ut)},eN = {0(Tf7,(wf ))}»eN = C{Ttl{vt))- 
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According to Theorem 19.11 e does not converge to and consequently there 
exists e > such that 7 : (—£,£) — > M is a local geodesic spray with respect 
to C- 

Let P : (— eijEi) — > M be another curve such that Tx^p(^v^)Ttf3{vt) — 
<^{Ttf3{vt)), satisfying in the above boundary conditions. For every i € N, 
/3i = ipi o p satisfies in equation (2) with f3i{0) — xoi and Tt(3i{0) = yo^. Hence 
Pi — 7i and consequently /3 = lim Pi — lim 7^ = 7 on the intersection of their 
domains. □ 

Finally in a similar way one can prove the theorem for geodesies with respect 
to the connection V. As a conclusion we can state the following corollary. 

Corollary 7.3. For a projective limit manifold M — Imi Mj there is a one- 
to-one correspondence between (linear) connections and sprays. Moreover, the 
geodesies ofV are geodesic sprays of 



8 Parallel translation 

Vilms [35] defines a connection on M as a vector bundle morphism V : T{TM) — > 
TM. So V is fully determined by its local components, called Christoffel sym- 
bols, denoted by {Ta}a£i corresponding to an atlas of charts {{Ua, (pa)}a£i 
of M. Then, : ipU — > ^^(E,E), and for two charts (C/, tp) and iy,ip) at 
TO e M, ei, 62 G E, M = V — xp{m), F — %jj o Lp~^ we have 

T^{v){{DF{u).ei,DF{u).e2) = DF{u).r^{u){ei, 62) + D^F{ei,e2). 

Clearly, our definition coincides with the above; we next consider parallel trans- 
port of vectors along a curve. 

Theorem 8.1. Given V : T{TM) — > TM a connection on (TM, Af,7r), take 
a smooth curve c : (a, 6) — > M with G (a,5),c(0) = x. Then, there is a 

neighbourhood U ofT^M x {0} C T^AI x (a, b) and a smooth mapping c : U > 

TM such that: 

(i) TT{c{ux,t)) = c(t) and c{ux,0) = u^o, 

(ii) V{i{c){u,,t)) = Q. 

Proof. For every {U.'.p) chart of M, ^{^c{ux,t)) = 0, locally gives 
-r„(c(<))(ic(t), 7(j/, t)) + ijiy, t) = 0, where T^(c(c, T^-\x, y), t)) (c(i), 7(2/, t)) 
(i.e. 7 : E X (a, 6) — > S). For M a Banach manifold, by the existence theorem 
for differential equations, c always exists. □ 

Using our method one can prove a similar theorem for parallel transport 
along curves in the category of projective limit manifolds. The equivalence 
of linear connections with sprays means that parallel transport is equivalently 
determined by a spray [22j . 

Example 8.2. Geodesies on the diffeomorphism group of the circle 

The main reference for this example is Constantin and Kolev [7. Let D = 
Diff{§^)'^ be the group of all smooth orientation-preserving diffeomorphisms 
of the circle We can endow D with a smooth manifold structure based on 
the Frechet space C°°{S'^). 
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Moreover a right invariant weak Riemannian metric on D is defined. Note that 
C°°(§i) = n„>2fc+i-f^"(§^) where H"{§^), n > is the space L^{§^) of aU 
square integrable functions / with the distributional derivatives up to order n, 
di with i = 0, l,...,n, in L2(§1), iJ»(§i), n > is a Hilbert space with the 
norm 

ll/II^ = E / (dlf n^)dx. 

The main difference of this example for our method lies in the existence of a 
metric and this allows us to prove the length minimizing property of geodesies. 

We move this problem to the projective limit framework. In this special case 
like |28] the connecting morphisms of the model space are inclusions 

Pn+l,n ■ n ^ H 

f ^ f 

The meaning of this morphism is clear, namely if / G T?""*"^ with the norm 

on then Eto Isi9'jn^)d^ < ^- Clearly ELo /s(^^/)'(^)'^^ < 

so the function / belongs precisely to i?". Consequently if / G Pln>2fe+i 

then (/) e lim7J"(Si) and, conversely, C°°(§i) = n„>2fc+i H^i^^f^ ^^,,>2k+i ^"(^')- 

For ipo G D define Uq = {ip G D : \\ ip — ipo ||c'0(si) < 1/2} and u : uq — > 
C°°(§i) with u(x) = ^Jn{(po{x)(f{x)), x e S. Then {Uq^^jq) is a local chart 
with tpoi'^) = u and change of charts given by tp20'(pi^ — ui + ■^ln{'ip2^pi) . Note 
that V'20^/'r^ : -01 (ui) C C~(§i) — > ^2(1*2) C C°°(Si) can be recognized as the 
projective limit on Hilbert components, say (-02 ° ■ H^{S^) — > H^{E>^) , 

{iIj2°'>Pi^) = lhn(^2O'0r^)i- These maps are called k-Lipschitz and so {'ip2°ipi^)- 
This structure endows D with a smooth manifold structure based on the Frechet 
space C°°(Si). 

Let fc > 0, for n > define the linear seminorms Ak : H"-+'^''{§^) — > H"{S.'^) 
with Ak ^ 1 — + ... + (— 1 ) . This enables us to define the bilinear operator 
Bk:C°^xC°° — > C°° with Bk{u,v) = Ak~\2v^Ak{u) + vAkiu^)) u,v G C°°. 
Note that B = lim ^ , Sfe" where Bk" : i7"(Si) x i?"(Si) — > ff"-2'=(§i). As 

stated in [9 , Theorem 1, there exists a unique linear (Riemannian) connection 
on D. 

If (/? : J — > _D is a C^-curve satisfying the autoparallel equation with respect 
to the linear connection V*^, then 

ut = Bk{u, u), t e J 

where u = (pt o ip^^ £ TmD = C°°(§^). The term autoparallel rather than 
geodesic is better since there is no underlying Riemannian metric. However the 
utilization of a weak Riemannian metric is an issue that remains open. Since 
Bk = lim-Bfe', is the projective system of bilinear maps (as Christoffel symbols) 
we can endow D with the linear connection V/j = limVfc*. Given an initial 
value we obtain the unique autoparallel : J — > D obtained as the projective 
limit on Hilbert components. The problem is much easier than the general case. 
Specifically, let the solution on the i/"(§^), n > 2k+l have the manifold domain 
[0, T„) with T„ > 0. If T„ < T<2fe+i then r„ ^ T2k+i for aU n > 2fc + 1 i.e. the 
solution pn on _ff"(S^), n >2k defined on [0, r2fe+i) for every n. 
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Note that in the general case there is no way to model the diffcomorphism 
group of a manifold M on a Banach space. However, there is the possibility to 
view Dif f{M) as a projective limit of Hilbert manifolds (I29j). Moreover, the 
existence of the geodesies in the general case of Dif f[M) is an open question, 
so using the proposed technique with an appropriate choice of imposed metric 
may yield some results. 

9 Appendix: Existence and uniqueness theorem 
for second order ordinary differential equa- 
tions on Frechet spaces 

Start with the assumptions of [20]. Namely, let F be a Frechet space and {pijigN 
be a countable family of seminorms which determine the topology of F. 

Theorem 9.1. Let ¥ he a Frechet space and $ : M x F x F — > F a projective 
limit k-Lipschitz mapping. For the second order differential equation 

x" = <S>{t,x,x') (3) 

with the initial condition {to,xo,yo), if there exists a constant r G such that 

1/2 

M = sup{{p,{yo)^ +p^{^{t,xo,yo))^) ; i e n,t e [to ~ T,to + t]} < oo 
and a — min{T, -jgqrj:}, then (2) has a unique solution on I = [to — a,to + a]. 
Proof. If we set x' — y, x' = y, y' = ^{t, x, y). Denoting z — [x, y) one takes: 

z' - {x, y)' = (x', y') = (y, ^{t, x, y)) = ^{t, z) (4) 
where $:MxFxFxIF — ^ IF x F, is also a /c-Lipschitz mapping. Since 

1/2 ~ 

{Pt{yof +Pi{^{t,xo,yo)f) ^p^{yo,'^{t,xo,yo)) ^ Pi{^{t, zo)); 

and 

M = sup{p^i^it,zo)) = {p^iyof +p^{^{t,xo,yo)ff^^; ^ eN,t e [t-0-T,t-0+T]} < oo 

by Theorem 3 in [20j . (4) has a unique solution on / = [to — a,to + a] such that 
a = min{T, j^^}. Hence there exists also a solution for (3) say z : I — > F x F. 
If z = (zi, Z2) then, zi and Z2 are unique solution for x' = y and y' — x, y) 
respectively on /. Consequently zi = y, y' = <I>(t, zi, y) i.e. 

zi" = zi,z[) on I. 

Note that the interval / is independent of the index i. For each i e N from the 
equation 

x'l = >i'i{t,Xi,x[) 

with the initial condition (to,xoi,yo'i) we have the unique solution Xi. On the 
other hand for i < j, fji o Xj is also a solution of (4) with fji o Xj{to) — xoi and 
ifji °XjY{to) = yoi- Hence fji oxj — Xi for i < j, i.e. x = limxi can be defined. 
Moreover 

i.e. lim Xj is a solution for (2). The uniqueness of x follows from the uniqueness 
of solution for Banach components. □ 
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